We show that for every algebra of creation and annihilation operators with a Fock-like representation, one can define extended Haldane statistical parameters in a unique way. Specially for parastatistics, we calculate extended Haldane parameters and discuss the corresponding partition functions.
Introduction.-There are two distinct approaches to generalized statistics: (i) the first approach obeys some symmetry principle (permutation group, braid group, quantum groups and algebras, etc.) (ii) the second approach is defined by counting the number of independent multiparticle quantum states .
The first approach can be characterized by an operator algebra of creation and annihilation operators with a Fock-like representation (for example, parastatistics The Haldane statistics g of a particle is defined by
where n is the number of particles and d n is the dimension of the one-particle Hilbert space obtained by keeping the quantum numbers of (n − 1 ) particles fixed.
For bosons, g = 0 and for fermions, the Pauli principle implies g = 1.
Although Haldane statistics were proposed in any spacetime dimension, all exam-with no state vectors of negative squared norms.Note that we do not specify any relation between the creation (or annihilation) operators themselves. They appear implicitly as norm zero vectors in Fock space. For a state (a †
(in principle different) states obtained by permutations π ∈ S N acting on the state
. From these vectors we form a Hermitian matrix A(i 1 , · · · i N ) of their scalar products.The number of linearly independent states among them is given by
The set of d define the dimension of the one-particle subspace keeping the (N − 1 ) quantum numbers i 1 , · · · i N −1 inside the N-particle states, fixed :
For M Bose oscillators,
are integers, i.e., no fractional dimension is allowed by definition.
Recall that Haldane introduced statistics parameter g through the change of the single-particle Hilbert space dimension d n ,Eq.(1). In the similar way we define extended Haldane statistics parameters g i 1 ,···i N−1 ;j 1 ···j k through the change of available one-particle Fock-subspace dimension d
(1)
Note that Eq. (4) implies that extended Haldane statistics parameters can be any rational number (see also discussion after Eq. (15)). For bosons, The number of all independent N-particle states distributed over M quantum states described by M independent oscillators (i = 1, 2 · · · M) is given by
Wu 9 suggested a simple interpolation between the Bose and the Fermi counting
with g = 0 corresponding to bosons and g = 1 corresponding to fermions. Equation (6) was used in Refs. (9, 10) to obtain the partition function and the thermo-dynamic properties (in 1D and 2D systems). Karabali and Nair the counting rule given by Eq.(6) and, using a few additional assumptions, derived an operator algebra defined basically by (
This operator algebra interpolates between the Bose (p = ∞) and the Fermi (p = 1) algebra. However, the counting rule (5), calculated for the Karabali-Nair alge-
Eq.(6).Moreover, the corresponding partition function for the system with the free 
The upper (lower) sign corresponds to the para-Bose (para-Fermi) algebra,and p is the order of parastatistics.The unique vacuum |0 > is assumed with the conditions 
The trilinear relations (7) can be presented in the form of Eq. (2) 8 . Using relations (7) and (8), one finds by induction
where ǫ = ∓,the upper (lower) sign is for parabosons (parafermions) and the sign " ∧ " denotes omission of the corresponding operator. The matrices
can be calculated recursively using Eq.(9). Since Eqs. (7)- (9) 
Here R is the right regular representation of the permutation group S N and f (π) is a real function depending on ǫ = ∓1 and the order of parastatistics p. 
where the sum runs over all partitions µ of N, and K µ,1 N are Kostka's numbers 12 ,
i.e., the dimension of the irreducible representation (IRREP) µ of the group S N , and n(µ) is an integer denoting the multiplicity of IRREP µ, which can be determined from the spectrum of the matrix A 1 N .
For parastatistics, the function f (π), π ∈ S N , in Eq. (11), is given up to N = 4 by
where q = 1 − 2 p and Q = q 2 + q − 1.
Our general result for d λ , where λ is a partition of N, |λ| = N ≤ 4, obtained from the 24 × 24 matrix A 1 4 , is given by
where, for parabosons, n(µ) Let us write the one-particle dimension d 
For example, d
(1,1) = 2d (2, 1) 1,1) , etc. Then, the parameters of the extended Haldane statistics [Eq. (4)] are
If d We present the extended Haldane parameters g λ→µ [Eq. (15) ] for some special cases.
For parabosons:
For parafermions:
Finally, let us write the partition functions for free parastatistical systems with the
where N i is the number operator for the i th quantum state and E i is the corresponding one-particle energy. Then the partition function Z N for N-particle states is
where d λ is given by Eq. (13) 
where S µ (x 1 , ... .
The general results for any S M -invariant algebra (2) are Z N (x 1 , ...x M ; Γ) = µ n(µ)S µ (x 1 , ...x M ), where n(µ) is the multiplicity of IRREP µ in the decomposition (11) . The thermodynamic properties of such systems will be treated separately.
Note added. In recent preprints
